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Recently proposed supergravity theories in odd dimensions
whose fields are connection one-forms for the minimal super-
symmetric extensions of anti-de Sitter gravity are discussed.
Two essential ingredients are required for this construction:
(1) The superalgebras, which extend the adS algebra for dif-
ferent dimensions, and (2) the lagrangians, which are Chern-
Simons (2n− 1)-forms. The first item completes the analysis
of van Holten and Van Proeyen, which was valid for N = 1
only. The second ensures that the actions are invariant by
construction under the gauge supergroup and, in particular,
under local supersymmetry. Thus, unlike standard supergrav-
ity, the local supersymmetry algebra closes off-shell and with-
out requiring auxiliary fields.
The superalgebras are constructed for all dimensions and
they fall into three families: osp(m|N) for D = 2, 3, 4, mod
8, osp(N |m) for D = 6, 7, 8, mod 8, and su(m − 2, 2|N) for
D = 5 mod 4, with m = 2[D/2]. The lagrangian is constructed
for D = 5, 7 and 11. In all cases the field content includes
the vielbein (eaµ), the spin connection (ω
ab
µ ), N gravitini (ψ
i
µ),
and some extra bosonic “matter” fields which vary from one
dimension to another.
I. INTRODUCTION
This is an expanded version of a recent paper [1] and
the lecture [2], where most of the preliminary results were
announced.
Three of the four fundamental forces of nature are con-
sistently described by Yang-Mills (YM) quantum theo-
ries. Gravity, the fourth fundamental interaction, resists
quantization in spite of several decades of intensive re-
search in this direction. This is intriguing in view of the
fact that General Relativity (GR) and YM theories have
a deep geometrical nature based on the gauge principle.
How come two theories constructed on almost the same
mathematical foundation produce such radically differ-
ent physical behaviours? What is the obstruction for the
application of the methods of YM quantum field theory
to gravity? The final answer to these questions is beyond
the scope of this paper, however one can note a difference
between YM and GR which might turn out to be an im-
portant clue: YM theory is defined on a fiber bundle,
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with the connection as the dynamical object, whereas the
dynamical fields of GR cannot be interpreted as compo-
nents of a connection.
The closest one could get to a connection formulation
for GR is the Palatini formalism, with the Hilbert action
I[ω, e] =
∫
ǫabcdR
ab ∧ ea ∧ eb, (1)
where Rab = dωab + ωac ∧ ωcb is the curvature two-form.
This action is sometimes –mistakenly– claimed to de-
scribe a gauge theory for local translations. If ω and
e were the components of the Poincare´ connection asso-
ciated to local translations, they should transform as
δωab = 0, δea = Dλa = dλa + ωab ∧ λb. (2)
Invariance of (1) under (2)would require the torsion-free
condition,
T a = dea + ωab ∧ eb = 0, (3)
which is an equation of motion for the action (1). This
means that the invariance of the action (1) under (4) does
not result from the transformation properties of the fields
alone, but it is a property of their dynamics as well.
The error stems from the identification between local
translations in the base manifold (diffeomorphisms)
xµ → x′µ = xµ + ζµ(x), (4)
–which is a genuine invariance of the action (1)–, and
local translations in the tangent space (2).
The torsion-free condition, being one of the field equa-
tions, implies that local translational invariance is at best
an on-shell symmetry, which would probably not survive
quantization.
Since the invariance of the Hilbert action under gen-
eral coordinate transformations (4) is reflected in the clo-
sure of the first-class hamiltonian constraints in the Dirac
formalism, one could try to push the analogy between
the Hamiltonian constraints Hµ and the generators of a
gauge algebra. However, the fact that the constraint al-
gebra requires structure functions, which depend on the
dynamical fields, is another indication that the genera-
tors of diffeomorphism invariance of the theory do not
form a Lie algebra but an open algebra (see, e. g., [3]).
More precisely, the subalgebra of spatial diffeomor-
phisms is a genuine Lie algebra in the sense that its struc-
ture constants are independent of the dynamical fields of
gravitation,
1
[Hi, H
′
j ] ∼ H ′jδ|i −H ′iδ|j , (5)
whereas, the generators of timelike diffeomorphisms are
the offending ones: they form an open algebra,
[H⊥, H ′⊥] ∼ gijH ′jδ|i. (6)
This comment is particularly appropriate in a CS the-
ory, where spatial diffeomorphisms are always part of the
true gauge symmetries of the theory. The generators of
timelike displacements (H⊥), on the other hand, are com-
binations of the internal gauge generators and the gen-
erators of spatial diffeomorphism, and therefore do not
generate independent symmetries [4].
II. SUPERGRAVITY
For some time it was hoped that the nonrenormaliz-
ability of GR could be cured by supersymmetry. How-
ever, the initial glamour of supergravity (SUGRA) as
a mechanism for taming the wild ultraviolet divergences
of pure gravity, was eventually spoiled by the realization
that it too would lead to a nonrenormalizable answer.
Again, one can see that SUGRA is not a gauge theory in
the sense of a fiber bundle and that the local symmetry
algebra closes naturally only on shell. The algebra can
be made to close off shell at the cost of introducing aux-
iliary fields, but they are not guaranteed to exist for all
D and N [5].
Whether the lack of fiber bundle structure is the ul-
timate reason for the nonrenormalizability of gravity re-
mains to be proven. However, it is certainly true that if
GR could be formulated as a gauge theory, the chances
of proving its renormalizability would clearly grow. In
three spacetime dimensions both GR and SUGRA define
renormalizable quantum theories. It is strongly sugges-
tive that precisely in this case both theories can also be
formulated as gauge theories on a fiber bundle [6]. It
might seem that the exact solvability miracle was due to
the absence of propagating degrees of freedom in three-
dimensional gravity, but the key ingredient of the miracle
can be traced down to the fiber bundle structure of the
Chern-Simons (CS) form of those systems.
There are other known examples of gravitation theo-
ries in odd dimensions which are genuine (off-shell) gauge
theories for the anti-de Sitter (adS) or Poincare´ groups
[7–10]. These theories, as well as their supersymmetric
extensions have propagating degrees of freedom [4] and
are CS systems for the corresponding groups as shown in
[11].
A. From Rigid Supersymmetry to Supergravity
Rigid SUSY can be understood as an extension of the
Poincare´ algebra by including supercharges which are the
“square roots” of the generators of rigid translations,
{Q¯,Q} ∼ Γ · P. Roughly speaking, the traditional strat-
egy to generalize this idea to local SUSY was to sub-
stitute the momentum Pµ = i∂µ by the generators of
diffeomorphisms, {Q¯,Q} ∼ Γ · H. The resulting theory
has an on-shell local supersymmetry algebra.
An alternative point of view –which is the one we ad-
vocate here– is to construct the supersymmetry on the
tangent space and not on the base manifold. This ap-
proach is more natural if one recalls that spinors provide
a basis of irreducible representations for SO(N), and not
for GL(N). Thus, spinors are naturally defined relative
to a local frame on the tangent space rather than in the
coordinate basis. This idea has been successfully applied
by Chamseddine in five dimensions [8], and by us for
pure gravity [9,10] and in supergravity [1,11]. The basic
point is to replicate the 2+1 “miracle” in higher dimen-
sions. The construction has been carried out for space-
times whose tangent space has adS symmetry in [1], and
for its Poincare´ contraction in [11].
In [11], a family of theories in odd dimensions, invari-
ant under the supertranslation algebra whose bosonic
sector contains the Poincare´ generators was presented.
The anticommutator of the supersymmetry generators
gives a translation plus a tensorial “central” extension,
{Qα, Q¯β} = −i(Γa)αβPa − i(Γabcde)αβZabcde, (7)
The commutators of Q, Q¯ and Z with the Lorentz gen-
erators can be read off from their tensorial character.
All the remaining commutators vanish. This algebra is
the continuation to all odd-dimensional spacetimes of the
D = 10 superalgebra of Ref. [12] and yields supersym-
metric theories with off-shell Poincare´ superalgebra. The
existence of these theories suggests that there should be
similar supergravities based on the adS algebra.
B. Assumptions of Standard Supergravity
Three implicit assumptions are usually made in the
construction of standard SUGRA:
(i) The fermionic and bosonic fields in the lagrangian
should come in combinations such that their propagating
degrees of freedom are equal in number. This is usually
achieved by adding to the graviton and the gravitini a
number of lower spin fields (s < 3/2) [13]. This match-
ing, however, is not necessarily true in adS space, nor
in Minkowski space if a different representation of the
Poincare´ group (e.g., the adjoint representation) is used
[14].
The other two assumptions concern the purely gravita-
tional sector. They are as old as General Relativity itself
and are dictated by economy: (ii) gravitons are described
by the Hilbert action (plus a possible cosmological con-
stant), and, (iii) the spin connection and the vielbein are
not independent fields but are related through the tor-
sion equation. The fact that the supergravity generators
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do not form a closed off-shell algebra can be traced back
to these asumptions.
The procedure behind (i) is tightly linked to the idea
that the fields should be in a vector representation of the
Poincare´ group [14] and that the kinetic terms and cou-
plings are such that the counting of degrees of freedom
works like in a minimally coupled gauge theory. This
assumption comes from the interpretation of supersym-
metric states as represented by the in- and out- plane
waves in an asymptotically free, weakly interacting the-
ory in a minkowskian background. These conditions are
not necessarily met for a CS theory in an asymptoti-
cally adS background. Apart from the difference in back-
ground, which requires a careful treatment of the unitary
irreducible representations of the asymptotic symmetries
[15], the counting of degrees of freedom in CS theories is
completely different from the one for the same connection
one-forms in a YM theory.
C. Lanczos–Lovelock Gravity
For D > 4, assumption (ii) is an unnecessary restric-
tion in the available theories of gravitation. In fact, the
most general action for gravity –generally covariant and
with second order field equations for the metric– is a poly-
nomial of degree [D/2] in the curvature, first discussed
by Lanczos [16] for D = 5 and, in general, by Lovelock
[17,18]. This action contains the same degrees of free-
dom as the Hilbert action [19] and is the most general
low-energy effective theory of gravity derived from string
theory [20].
The Lanczos-Lovelock (LL) theory contains as a par-
ticular case the Einstein-Hilbert (EH) theory but they
are in general dynamically quite different. The classical
solutions of the LL theory are not perturbatively related
to those of Einstein’s theory. For instance, it was ob-
served that the time evolution of the classical solutions
in the LL theory starting from a generic initial state can
be unpredictable, whereas the EH theory defines a well-
posed Cauchy problem [19,21]. Moreover, the LL the-
ory has a large number of dimensionful constants in con-
trast with the two constants of the EH action (g and Λ)
[22,23,9]). This last feature would seem to indicate that
renormalizability would be even more remote for the LL
theory than in ordinary gravity.
However, there is an exceptional case when all the con-
stants of the LL action are related to each other in a
particular way [c.f., next section]. The resulting system
exhibits a larger symmetry, the theory can be formu-
lated in terms of a dimensionless connection 1-form and
a unique dimensionless constant which is also quantized
[10]. In this case, the LL theory becomes a CS system in
which the spin connection and the vielbein are parts of
an adS connection. A particular case of this occurs natu-
rally in 2+1 dimensions in the presence of a cosmological
constant. This is the secret behind the integrability of
gravity in 2+1 dimensions as demonstrated in [6].
D. Torsion
Assumption (iii) implies that torsion does not con-
tain independently propagating degrees of freedom, and
its equations are identities enforced by fiat on the fields.
This is the essence of the metric approach to GR in which
parallel transport and distance are not independent no-
tions but are related through the Christoffel symbols.
There is no natural justification for this assumption and
it was the leit motif of the historic discussion between
Einstein and Cartan [24].
In four dimensions if e and ω are varied independently
in the action (1), the equation for ω implies T a = 0 (in
the absence of matter). This might seem sufficient to jus-
tify asumption (iii) since the equation for ω is algebraic
and could in principle be used to express ω in terms of
the remaining fields. However, it is not always possible
to solve this algebraic equation for ω if D > 4.
Another serious consequence of the torsion-free condi-
tions is that the dynamical dependence between ω and
e introduced by (3) spoils the possibility of interpreting
the local translational invariance as a gauge symmetry
of the action. Indeed, taking the condition T a = 0 as a
definition, would imply
δωab =
δωab
δec
δec 6= 0, (8)
in contrast with (2). Thus, the spin connection and the
vielbein cannot be identified as the compensating fields
for local Lorentz rotations and translations, respectively,
as it can be done in D = 3. Thus, General Relativity
in D = 2n ≥ 4 cannot be formulated purely as a gauge
theory on a fiber bundle.
In our construction [1,11]) ω and e are assumed to
be dynamically independent and thus torsion necessarily
contains propagating degrees of freedom, represented by
the contorsion tensor kabµ := ω
ab
µ − ω¯abµ (e, ...), where ω¯
is the spin connection which solves the classical torsion
equation in terms of the remaining fields.
III. GAUGE GRAVITY AND GAUGE
SUPERGRAVITY
A. Chern-Simons Gravity in 2n− 1 Dimensions
For D = 2n − 1, the particular choice of the LL la-
grangian reads
LadSG 2n−1 =
n−1∑
p=0
αpL
p, (9)
where
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LpG = ǫa1···aDR
a1a2 · · ·Ra2p−1a2pea2p+1 · · · eaD . (10)
Here wedge product is understood and the subscript “G”
stands for “torsion-free gravity”. We note that although
torsion doesn’t explicitly enter in (10), for D ≥ 5 this
system has propagating torsion.
If one chooses αp = κ(D − 2p)−1(n−1p )l2p−D the in-
variance of (9) under the Lorentz group extends to the
adS group. The constant l has dimensions of length and
its purpose is to render the action dimensionless allowing
the interpretation of ω and e as components of the adS
connection [23]
WAB =
[
ωab ea/l
−eb/l 0
]
, (11)
where A,B = 1, ...D + 1. The resulting lagrangian is an
adS-CS form in the sense that its exterior derivative is
the Euler form in 2n dimensions [8,9,23],
dLadSG 2n−1 = κǫA1···A2nR
A1A2 · · ·RA2n−1A2n , (12)
where RAB is the adS curvature and κ is quantized [10]
(in the following we will set κ = l = 1).
Apart from the Euler-CS form, discussed above, there
are the standard CS (2p− 1)-forms L∗2p−1, related to the
pth Chern character for the Lorentz connection,
dL∗2p−1(ω
a
b ) = cp, (13)
where cp =: Tr[(R
a
b )
p].
In general, a Chern-Simons D-form is defined by the
condition that its exterior derivative be an invariant ho-
mogeneous polynomial of degree n in the curvature, that
is, a characteristic class. In the examples above, (12) is
the CS form for the Euler class 2n-form, while the ex-
otic lagrangians are related to different combinations of
Chern characters [see Appendix A].
Thus, a generic CS action in 2n − 1 dimensions for a
Lie algebra g can be written as
dLg2n−1 = 〈Fn〉 , (14)
where 〈 〉 stands for a multilinear function in the Lie al-
gebra g, invariant under cyclic permutations such as Tr,
for an ordinary Lie algebra, or STr, in the case of a su-
peralgebra. For D = 3 the “exotic gravity” lagrangian
LadST 3 = ω
a
b dω
b
a +
2
3
ωabω
b
cω
c
a + 2eaT
a, (15)
is a CS form for the adS group1SO(4), whose exterior
derivative is the Pontryagin form in 4 dimensions (2nd
Chern character for SO(4)) [6],
1For simplicity we will not distinguish between different sig-
natures. Thus, the adS algebra in D dimensions will be de-
noted as so(D + 1).
dLadST 3 = R
A
BR
B
A , (16)
where RAB is the Riemann curvature 2-form in four di-
mensions.
Similar exotic actions associated to the Chern char-
acters in 4k dimensions exist in D = 4k − 1 [25]. The
gravitational Chern characters vanish for p = 2n+1 (the
trace of product of an odd number of Riemann curvatures
vanishes) [26], hence there are no adS CS lagrangians in
D = 4k + 1. For D = 4k − 1, the number of possible
exotic forms grows as the partitions of k, in correspon-
dence with the number of composite Chern invariants of
the form
∏
i cpi , with
∑
i pi = 4k. Out of all these forms,
we will be interested in particular combinations of them
which, in the spinorial representation of SO(4k), can be
written as [1]
dLadST 4k−1 = −Tr[(
1
4
RABΓAB)
2k]. (17)
It is important to note that in this lagrangian, as well
as in (16), torsion appears explicitly. For example, in
seven dimensions one finds
LadST 7 = L
∗
7(ω)−
3
4
(Ra bR
b
a + 2[T
aTa−Rabeaeb])L∗3(ω)
−(3
2
Ra bR
b
a + 2T
aTa −4Rabeaeb)T aea + 4TaRa bRb aec.
In eight dimensions there are 4 topological invariants [27],
which give rise to four corresponding CS forms in seven
dimensions. LadST 7 is a particular linear combination of
those CS forms. For further discussion on these invari-
ants, see Ref. [25,27].
If one allows the presence of torsion explicitly the max-
imal extension of the LL lagrangian is found. This is the
most general D-form invariant under local Lorentz rota-
tions constructed out of the vielbein, the spin connection
and their derivatives (without using the metric) [26]. La-
grangian (17) is a particular representative of this family
in which the coefficients are chosen so as to make the
action locally invariant under the adS group SO(D + 1)
[25].
The exterior derivative af a possible CS lagrangian for
a given group in D = 2n − 1 dimensions has the form
ga1···anF
a1 · · ·F an , where ga1···an is an invariant tensor
of the algebra. Thus, the problem of finding all possi-
ble CS lagrangians is equivalent to finding all possible
invariant tensors of rank n in the Lie algebra. This is
in general an open problem, related to the number of
Casimir invariants for a given Lie group. For the groups
relevant for supergravity discussed below, like OSp(32|1),
the number of invariant tensors can be rather large. Most
of these invariants would give rise to bizarre lagrangians
and the real problem is to find the appropriate invariants
that describe sensible theories.
The R.H.S. of (17) is a particular form of (14) where
〈 〉 is the ordinary trace over spinor indices. Other pos-
sibilities of the form
〈
Fn−p
〉 〈Fp〉, are not used in our
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construction as they would not lead to the minimal su-
persymmetric extensions of adS containing the Hilbert
action. In the supergravity theories discussed below, the
gravitational sector is given by ± 12nLadSG 2n−1− 12LadST 2n−1.
The ± sign corresponds to the two choices of inequivalent
representations of Γ’s, which in turn reflect the two chi-
ral representations in D+1. As in the three-dimensional
case, the supersymmetric extensions of LG or any of the
exotic lagrangians such as LT , require using both chiral-
ities, thus doubling the algebras. Here we choose the +
sign, which gives the minimal superextension [25].
The bosonic theory outlined above is our starting
point. The idea now is to construct its supersymmet-
ric extension. A possible approach would be to study
the superalgebras containing anti-de Sitter as a subalge-
bra, define a connection –in the adjoint representation–
and construct the CS form with it. This construction
must clearly give the right result, but it would be rather
difficult to proceed formally without an explicit repre-
sentation. Knowing this, we take a less formal path, ex-
pressing the adjoint representation in terms of the Dirac
matrices of the appropriate dimension. This is not a
wild guess because the generators of the Dirac algebra,
{I, Γa, Γab,...}, is a basis for all square matrices. The
advantage of this approach is that it provides an explicit
representation of the algebra and writing the lagrangians
is straightforward.
B. Gauge Supergravity
The supersymmetric extensions of the adS algebras in
D = 2, 3, 4, mod 8, were studied by van Holten and Van
Proeyen in [12]. They added one Majorana supersymme-
try generator to the adS algebra and found all the N = 1
extensions demanding closure of the full superalgebra. In
spite of the fact that the algebra for N = 1 adS super-
gravity in eleven dimensions was conjectured in 1978 to
be osp(32|1) by Cremer, Julia and Scherk [28], and this
was confirmed in [12], nobody constructed a supergrav-
ity action for this algebra in the intervening twenty years.
One reason for the lack of interest in the problem might
have been the fact that the osp(32|1) algebra contains
generators which are Lorentz tensors of rank higher than
two.
Apart from the assumptions mentioned above, super-
gravity algebras were traditionally limited to generators
which are Lorentz tensors up to second rank. This con-
straint was based on the observation that elementary par-
ticle states of spin higher than two would be inconsistent
[29]. However, this does not rule out the relevance of
those tensor generators in theories of extended objects
[30]. In fact, it is quite common nowadays to find alge-
bras like the M−brane superalgebra [31,32],
{Q,Q¯} ∼ ΓaPa + ΓabZab + ΓabcdeZabcde. (18)
IV. SUPERALGEBRA AND CONNECTION
The smallest superalgebra containing the adS algebra
in the bosonic sector is found following the same ap-
proach as in [12], but lifting the restriction of N = 1
[25]. The result, for odd D > 3 is (see Appendix B)
D S-Algebra Conjugation Matrix Internal Metric
8k − 1 osp(N |m) CT = C uT = −u
8k + 3 osp(m|N) CT = −C uT = u
4k + 1 su(m|N) C† = C u† = u
In each of these cases, m = 2[D/2] and the connection
takes the form
A =
1
2
ωabJab + e
aJa +
1
r!
b[r]Z[r] +
1
2
(ψ¯iQi − Q¯iψi) + 1
2
aijM
ij . (19)
The generators Jab, Ja span the adS algebra, Q
i
α gener-
ate (extended) supersymmetry transformations, and [r]
denotes a set of r antisymmetrized Lorentz indices. The
Q′s transform as vectors under the action of Mij and as
spinors under the Lorentz group. Finally, the Z’s com-
plete the extension of adS into the larger algebras so(m),
sp(m) or su(m).
In (19) ψ¯i = ψTj Cu
ji (ψ¯i = ψ†jCu
ji for D = 4k + 1),
where C and u are given in the table above. These al-
gebras admit (m+N)× (m+N) matrix representations
[48], where the J and Z have entries in the m×m block,
the Mij ’s in the N ×N block, while the fermionic gener-
ators Q have entries in the complementary off-diagonal
blocks.
Under a gauge transformation, A transforms by δA=
∇λ, where ∇ is the covariant derivative for the same con-
nection A. In particular, under a supersymmetry trans-
formation, λ = ǫ¯iQi − Q¯iǫi, and
δǫA =
[
ǫkψ¯k − ψk ǫ¯k Dǫj
−Dǫ¯i ǫ¯iψj − ψ¯iǫj
]
, (20)
where D is the covariant derivative on the bosonic con-
nection, Dǫj = (d+
1
2 [e
aΓa+
1
2ω
abΓab+
1
r!b
[r]Γ[r]])ǫj−aijǫi.
A. D=5 Supergravity
In this case, as in every dimension D = 4k+1, there is
no torsional Lagrangians LT due to the vanishing of the
Pontrjagin 4k+2-forms for the Riemann cirvature. This
fact implies that the local supersymmetric extension will
be of the form L = LG + · · ·.
As shown in the previous table, the appropriate adS
superalgebra in five dimensions is su(2, 2|N), whose gen-
erators are K, Ja, Jab, Q
α, Q¯β ,M
ij , with a, b = 1, ..., 5
and i, j = 1, ..., N . The connection is A= bK + eaJa +
5
1
2ω
abJab + aijM
ij + ψ¯iQi − Q¯jψj , so that in the adjoint
representation
A =
[
Ωαβ ψ
α
j
−ψ¯iβ Aij
]
, (21)
with Ωαβ =
1
2 (
i
2bI + e
aΓa + ω
abΓab)
α
β , A
i
j =
i
N δ
i
jb + a
i
j ,
and ψ¯iβ = ψ
†αjGαβ . Here G is the Dirac conjugate (e.
g., G = iΓ0). The curvature is
F =
[
R¯αβ Dψ
α
j
−Dψ¯iβ F¯ ij
]
(22)
where
Dψαj = dψ
α
j +Ω
α
βψ
β
j −Aijψαi ,
R¯αβ = R
α
β − ψαi ψ¯iβ , (23)
F¯ ij = F
i
j − ψ¯iβψβj .
Here F ij = dA
i
j +A
i
kA
k
j +
i
N dbδ
i
j is the su(N) curvature,
and Rαβ = dΩ
α
β +Ω
α
σΩ
σ
β is the u(2, 2) curvature. In terms
of the standard (2n − 1)-dimensional fields, Rαβ can be
written as
Rαβ =
i
4
dbδαβ +
1
2
[
T aΓa + (R
ab + eaeb)Γab
]α
β
. (24)
In six dimensions the only invariant form is
P = iStr
[
F3
]
, (25)
which in this case reads
P = Tr
[
R3
]− Tr [F 3] (26)
+ 3
[
Dψ¯(R¯ + F¯ )Dψ − ψ¯(R2 − F 2 + [R− F ](ψ)2)ψ] ,
where (ψ)2 = ψ¯ψ. The resulting five-dimensional C-S
density can de descompossed as a sum a a gravitational
part, a b-dependent piece, a su(N) gauge part, and a
fermionic term,
L = LadSG + Lb + Lsu(N) + LF , (27)
with
LadSG =
1
8ǫabcde(R
abRcdee + 23R
abecedee + 15e
aebecedee)
Lb = −( 1N2 − 142 )(db)2b+ 34 (T aTa −Rabeaeb − 12RabRab)b+ 3N bf ijf ji
Lsu(N) = −(aijdajkdaki + aijajkakl dali + 35aijajkakl almami )
LF =
3
2
[
ψ¯(R¯+ F¯ )Dψ − 12 (ψ)2(ψ¯Dψ)
]
.
(28)
The action is invariant under local gauge transforma-
tions, which contain the local SUSY transformations
δea = − 12 (ǫiΓaψi − ψ
i
Γaǫi)
δωab = 14 (ǫ
iΓabψi − ψiΓabǫi)
δb = i(ǫiψi − ψiǫi)
δψi = Dǫi
δψ
i
= Dǫi
δaij = i(ǫ
iψj − ψiǫj).
(29)
As in 2+ 1 dimensions, the Poincare´ supergravity the-
ory is recovered contracting the super adS group. Con-
sider the following rescaling of the fields
ea → 1αea
ωab → ωab
b → 13αb
ψi → 1√αψi
ψ
i → 1√
α
ψ
i
aij → aij.
(30)
Then, if the gravitational constant is also rescaled as κ→
ακ, in the limit α →∞ the action becomes that in [11],
plus a su(N) CS form,
I =
1
8
∫
[ǫabcdeR
abRcdee −RabRabb − (31)
2Rab(ψ
i
ΓabDψi +Dψ
i
Γabψi) + Lsu(N)].
The rescaling (30) induces a contraction of the su-
per adS algebra su(m|N) into [super Poincare´]⊗su(N),
where the second factor is an automorfism.
B. D=7 Supergravity
The smallest adS superalgebra in seven dimensions is
osp(2|8). The connection (19) is A = 12ωabJab + eaJa +
Q¯iψi +
1
2aijM
ij , where M ij are the generators of sp(2).
In the representation given above, the bracket 〈 〉 is the
supertrace and, in terms of the component fields appear-
ing in the connection, the CS form is
L
osp(2|8)
7 (A) = 2
−4LadSG 7 (ω, e)−
1
2
LadST 7 (ω, e)
−L∗sp(2)7 (a) + LF (ψ, ω, e, a). (32)
Here the fermionic Lagrangian is
LF = 4ψ¯
j(R2δij +Rf
i
j + (f
2)ij)Dψi
+4(ψ¯iψj)[(ψ¯
jψk)(ψ¯
kDψi)− ψ¯j(Rδki + fki )Dψk]
−2(ψ¯iDψj)[ψ¯j(Rδki + fki )ψk +Dψ¯jDψi],
where f ij = da
i
j+a
i
ka
k
j , andR =
1
4 (R
ab+eaeb)Γab+
1
2T
aΓa
are the sp(2) and so(8) curvatures, respectively. The su-
persymmetry transformations (20) read
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δea = 12 ǫ¯
iΓaψi δω
ab = − 12 ǫ¯iΓabψi
δψi = Dǫi δa
i
j = ǫ¯
iψj − ψ¯iǫj .
Standard seven-dimensional supergravity is an N = 2
theory (its maximal extension is N=4), whose gravi-
tational sector is given by the Einstein-Hilbert action
with cosmological constant and with an osp(2|8) invari-
ant background [33,34]. In the case presented here, the
extension to larger N is straighforward: the index i is
allowed to run from 2 to 2s, and the Lagrangian is a CS
form for osp(2s|8).
C. D=11 Supergravity
In this case, the smallest adS superalgebra is
osp(32|1) and the connection is A = 12ωabJab + eaJa +
1
5!b
abcdeJabcde + Q¯ψ, where b is a totally antisymmetric
fifth-rank Lorentz tensor one-form. Now, in terms of the
elementary bosonic and fermionic fields, the CS form in
(14) reads
L
osp(32|1)
11 (A) = L
sp(32)
11 (Ω) + LF (Ω, ψ), (33)
where Ω ≡ 12 (eaΓa+ 12ωabΓab+ 15!babcdeΓabcde) is an sp(32)
connection. The bosonic part of (33) can be written as
L
sp(32)
11 (Ω) = 2
−6LadSG 11(ω, e)−
1
2
LadST 11(ω, e) + L
b
11(b, ω, e).
The fermionic Lagrangian is
LF = 6(ψ¯R
4Dψ)− 3 [(Dψ¯Dψ) + (ψ¯Rψ)] (ψ¯R2Dψ)
−3 [(ψ¯R3ψ) + (Dψ¯R2Dψ)] (ψ¯Dψ) +
2
[
(Dψ¯Dψ)2 + (ψ¯Rψ)2 + (ψ¯Rψ)(Dψ¯Dψ)
]
(ψ¯Dψ),
where R = dΩ + Ω2 is the sp(32) curvature. The super-
symmetry transformations (20) read
δea = 18 ǫ¯Γ
aψ δωab = − 18 ǫ¯Γabψ
δψ = Dǫ δbabcde = 18 ǫ¯Γ
abcdeψ.
Standard eleven-dimensional supergravity [28] is an
N=1 supersymmetric extension of Einstein-Hilbert grav-
ity that cannot accomodate a cosmological constant
[35,36]. An N > 1 extension of this theory is not
known. In our case, the cosmological constant is nec-
essarily nonzero by construction and the extension sim-
ply requires including an internal so(N) gauge field cou-
pled to the fermions, and the resulting lagrangian is an
osp(32|N) CS form [25].
V. DISCUSSION
The supergravities presented here have two distinctive
features: The fundamental field is always the connec-
tion A and, in their simplest form, these are pure CS
systems (matter couplings are discussed below). As a re-
sult, these theories possess a larger gravitational sector,
including propagating spin connection. Contrary to what
one could expect, the geometrical interpretation is quite
clear, the field structure is simple and, in contrast with
the standard cases, the supersymmetry transformations
close off shell without auxiliary fields.
The field content compares with that of the standard
supergravities in D = 5, 7, 11 as follows:
D Standard supergravity CS supergravity
5 eaµ ψ
α
µ ψ¯αµ e
a
µ ω
ab
µ ψ
α
µ ψ¯αµ b
7 eaµ A[3] ψ
αi
µ a
i
µj λ
α φ eaµ ω
ab
µ ψ
αi
µ a
i
µj
11 eaµ A[3] ψ
α
µ e
a
µ ω
ab
µ ψ
α
µ b
abcde
µ
Some sector of these theories might be related to the
standard supergravities if one identifies the totally anti-
symmetric part of the contorsion tensor in a coordinate
basis, kµνλ, with the abelian 3-form, A[3]. In 11 dimen-
sions one could also identify the antisymmetric part of
b with an abelian 6-form A[6], whose exterior derivative,
dA[6], is the dual of F[4] = dA[3]. Hence, in D = 11 the
CS theory possibly contains the standard supergravity as
well as some kind of dual version of it [37,38].
The field equations for these theories take the form〈
Fn−1GA
〉
= 0, (34)
where GA are the generators of the superalgebra (see
Appendix C). Spreading out these equations in terms of
the Lorentz components (ω, e, b, a, ψ) produce somewhat
involved expressions. It is therefore reassuring to verify
that in all these theories the anti-de Sitter space is a fully
SUSY background, and that for ψ = b = a = 0 there
exist spherically symmetric, asymptotically adS standard
black-hole solutions of the class discussed in [23] as well
as topological black holes of the type discussed in [39].
As it will be discussed in a forthcoming paper, for the
extreme cases, these solutions are also BPS states [40].
It would be natural to inquire about the stability or
positivity of the energy for the linearized excitations
around these or other solutions. This problem, however,
is highly nontrivial. As shown in Ref. [4], the phase space
of a C-S system splits up into separate regions where the
symplectic form has different rank with radically different
dynamical content. Thus, each C-S action describes sev-
eral distinct systems in fact. In a generic case (where the
rank of the symplectic structure is maximal) the num-
ber of bosonic and fermionic degrees of freedom do not
match –as it is also found in [41]–, so the system cannot
be naively related to a standard SUGRA [42].
It is possible to incorporate matter into these theo-
ries through a minimal coupling A. This case has been
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recently discussed by Horava [43]. The matter currents
must have equal-time commutators obeying the superal-
gebras above, which are typical for a system of extended
objects. For D = 11, for example, the matter content is
that of a theory with (super-) 0-, 2- and 5–branes, whose
respective worldhistories couple to the spin connection
and the b fields.
In the last few months a number of papers have ap-
peared dealing with 11D C-S theories and OSp(32|1)
[37,38,43–45]. In [43,45], an interesting suggestion is
given on how standard SUGRA could be obtained from
a C-S theory of the type discussed here.
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VI. APPENDICES
A. Chern-Simons Action for D = 2n− 1
Consider the (2n − 1)-dimensional CS lagrangian de-
fined by Eq.(14),
dLg2n−1 = 〈Fn〉 . (35)
Integrating this equation, L can be written as [46,47]
L =
1
(n+ 1)!
∫ 1
0
dt
〈
A∧(tdA+ t2A∧A)n−1
〉
+ α (36)
where α is an arbitrary closed (2n− 1)-form (dα = 0).
Under a gauge transformation defined by a group ele-
ment g(x), the connection transforms as
A→ Ag = g−1Ag + g−1dg. (37)
The corresponding change in the Chern-Simons form
is
Lg = L+ dβ + (−1)n−1n!(n− 1)!
(2n− 1)!
〈
(g−1dg)2n−1
〉
, (38)
where the 2(n−1)-form β is a function ofA, and depends
on g through the combination g−1dg. Thus, the action
IC−S =
∫
Σ
L, (39)
which describes a gauge theory for the group G, changes
under a finite gauge transformation as the integral of
(38), where the second term is a boundary term, and the
third is proportional to the winding number.
One can see from (35) that under an infinitessimal
gauge transformation (connected to the identity), the
variation of L is a total derivative,
δλA = ∇λ, (40)
where λ is an arbtrary algebra-valued zero-form and
∇λ = dλ+ [A, λ]. In fact, the R.H.S. of (35) is invariant
under (40), e.g., δL is an exact form.
B. Extended Superalgebras
Let us look for the smallest supersymmetric extension
of the anti-de Sitter algebra in dimension D. The strat-
egy is as follows: The graded algebra will necessarily be
of the form
[B,B] ∼ B,
[B,F ] ∼ F,
{F, F} ∼ B,
(41)
where the bosonic subalgebra is assumed to contain the
generators of the adS group. The fermionic generators,
on the other hand, must be in a spin 1/2 representation of
the Lorentz group. The question now is, what is the min-
imal number of additional generators that is necessary to
close the algebra? As was shown by van Holten and Van
Proeyen [12], it is possible to construct the N = 1 super-
symmetric extensions of adS for D = 2, 3, 4 mod 8, but
not for the remaining dimensions. Here we show that by
relaxing the N = 1 condition it is possible to extend the
result for the other cases.
In Ref. [12], the result is found by imposing the Jacobi
identity for the algebra (41). We will derive the same re-
sult and its extension by demanding that certain matrices
constructed from Lorentz invariant tensors form a repre-
sentation of the algebra in a trivial way. This procedure
excludes the exceptional supergroups from our analysis,
however there is only case in which an exceptional super-
group is related to adS, that is F (4) for (D = 6) [29].
We will suppose that fermionic generators (F ) are in
the spin-1/2 representation of the Lorentz group,
F ∼ Qαi , α = 1, ...,m; i = 1, ..., N, (42)
where m = 2[D/2], N is the number of supersymmetric
generators, and i is an internal index unrelated to the
Lorentz group.
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In accordance with (41), we expect the generators of
the adS group to be contained in the r.h.s. of the third
anticommutator. A simple way to achieve this is by using
the spinorial representation for the adS algebra
Ja = Γa (43)
Jab =
1
2
Γab.
Additional constraints can be imposed on the spinors
Q in order to produce smaller supersymmetric extensions
of adS. There are only two restrictions compatible with
Lorentz invariance (see, e.g., [48]): definite chirality (the
Q’s are Weyl spinors), and “reality” (Majorana spinors).
Chirality is only defined for even D. Here we shall not
require chirality, but we demand the spinors to satisfy the
following reality condition (modified Majorana spinors)
ψ¯αi = C
αβuijψ
j
β, (44)
which can be imposed for any D, provided the spacetime
signature is s − t = 0, 1, 2, 6, 7 mod 8 [48]. Here C and
u are invertible matrices, the charge conjugation matrix,
and the invariant metric of the internal symmetry group,
respectively. Their inverses are defined with raised and
lowered indices, respectively,
CαβC
βγ = δγα (45)
uijujk = δ
i
k.
Without loss of generality, these metrics can be as-
sumed to possess definite symmetry properties
Cγβ = λCβγ , u
lk = µukl, (46)
whith λ, µ = ±1. The charge conjugation matrix is de-
fined so that
(Γa)T = ηCΓaC−1 with η2 = 1. (47)
An appropriate resentation of the algebra (41) in which
the fermionic generators satisfy the reality condition (44)
is
Qkγ =
[
0 δαγ δ
k
j
−Cγβuki 0
]
, (48)
while the bosonic generators (B) are accomodated in the
diagonal m×m and N ×N blocks,
B ∼
[
(G(k))
α
β 0
0 (Mkl)
i
j
]
. (49)
The anticommutator of the fermionic generators (48)
gives{
Qkγ , Q
l
ρ
}
=
−
[
ulk(Cρβδ
α
γ + µCγβδ
α
ρ )
Cγρ(u
kiδlj + λu
liδkj )
]
.
(50)
The upper diagonal block in the r.h.s. can be expanded
in a complete set of m×m matrices in the form
Cρβδ
α
γ + µCγβδ
α
ρ = A
(k)
γρ (Γ(k))
α
β , (51)
where Γ(k) stands for
1
k! δ
a1···ak
b1···bk Γ
b1 · · ·Γbk , 0 ≤ k ≤ D
and we have used the fact that the antisymmetric product
of Γ’s is a basis of Mm×m.
For each pair of indices (γ, ρ) the index α can be low-
ered in (51) multiplying by C. The result is a matrix
with the same symmetry as u,
[C
{
Qkγ , Q
l
ρ
}
]αβ = µ[C
{
Qkγ , Q
l
ρ
}
]βα. (52)
On the other hand, the symmetry of CΓ(r) depends on
the sign of λ. In fact, from (47), it is easily seen that
(CΓa)T = ηλCΓa (53)
(CΓab)T = −λCΓab. (54)
This implies that both CΓa and CΓab have the same
symmetry –opposite to that of C– only for η = −1. Fur-
thermore, from this and (52), one concludes that the adS
generators can occur in the r.h.s. of (50) if and only if
λµ = η = −1. (55)
It can be shown that for each dimension there are
always two possible representations for the charge con-
jugation matrix (C1 = Γ1Γ3 · · ·, C2 = Γ2Γ4 · · ·). It
is easy to see that the signs of λ fixed for all dimen-
sions except for D = 2 mod 4. For odd dimensions,
η = (−1)(D−1)/2, while for each even dimension η = ±1,
with ηλ = (−1)[(D−2)/4].
Thus, except for D = 4k + 1, C can always be chosen
so that η = −1 and this uniquely fixes λ and µ. If µ = 1,
u is a symmetric quadratic form and hence the internal
group is SO(N). Conversely, for µ = −1 the group is
Sp(N). Correspondingly, if λ = −1, the only matrices
that enter in the r.h.s. of (51) are those for which CΓ
is symmetric, which is a basis for sp(m). Conversely, if
λ = +1, CΓ is antisymmetric and the r.h.s. of (51) spans
so(m).
The semisimple algebras containing adS as a subal-
gebra in the bosonic sector would then be osp(m|N)
for D = 2, 3, 4 mod 8, and osp(N |m) (with even N)
for D = 6, 7, 8 mod 8. Their minimal extensions are
osp(m|1) and osp(2|m), respectively.
The only exceptional case, for which the representation
(48) would not be appropriate occurs for D = 5 mod 4.
In this case η = +1 and therefore the anticommutator of
two Q’s of the form (48) would only contain either Γa or
Γab, but not both and therefore it would not correspond
to a supersymmetric extension of adS. In this case, the
analysis is best carried out using complex Dirac spinors.
One can repeat the previous construction but taking the
fermionic generators of the superalgebra in the complex
representation
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Q¯lγ =
[
0 δαγ δ
l
j
0 0
]
, (56)
Qρk =
[
0 0
−Gρβδik 0
]
, (57)
where G is the Dirac conjugation matrix (for
minkowskian signature, G = Γ0). Now the anticommu-
tator of Q’s does not have a definite symmetry. In this
case, the charge conjugation matrix can be chosen to be
antihermitian and the upper block of {Q¯,Q} closes on
the unitary algebra u(m − 2, 2), while the lower block
spans u(N). Thus, for D = 5 mod 4, the superalgebra is
u(m−2, 2|N), whose minimal extension is su(m−2, 2|1).
The previous discussion can be summarized in the fol-
lowing table2:
D λ η µ Superalgebras
2 -1 [+1] -1 [+1] +1 [-1] osp(2|N) [osp(N |2)]
3 -1 -1 +1 osp(2|N)
4 -1 -1 [+1] +1 osp(4|N)
5 -1 +1 +1 u(4|N)
6 +1 [-1] -1 [+1] -1 [+1] osp(N |8) [osp(8|N)]
7 +1 -1 -1 osp(N |8)
8 +1 -1 [+1] -1 osp(N |16)
9 +1 +1 -1 u(16|N)
10 -1 [+1] -1 [+1] +1 [-1] osp(32|N) [osp(N |32)]
11 -1 -1 +1 osp(32|N)
12 -1 -1 [+1] +1 osp(64|N)
. . . . .
. . . . .
. . . . .
We indicate in brackets the alternative choices that sat-
isfy λµ = −1 but η = +1. The corresponding super-
symmetric theories do not have both the generator Ja in
the bosonic sector and therefore, the contact with grav-
ity would be less transparent. Note that these “pseudo
supergravities” exist for all even dimensions. Their alge-
bras are different from those of the “real supergravities”
for D = 2 mod 4, but are the same for D = 4 mod 4.
For D 6= 5 mod 4, the bosonic generators take the form
J(k) =
[
1
2 (Γ(k))
α
β 0
0 0
]
. (58)
Mkl =
[
0 0
0 (mkl)ij
]
. (59)
with (mkl)ij = u
kiδlj + λu
liδkj . The superalgebra now
reads
2A special case occurs for D = 3, where we have defined
the supergroup as osp(2|1) only for completeness of the ta-
ble. This group does not contain the generator of adS and,
stricktly speaking, one should have written osp(2|1) ⊗ sp(2)
instead.
[J (p), J (q)] = f
(p)(q)
(r) J
(r) (60)
[J (p),M jl] = 0
[J (p), Qlα] =
1
2
Γ(p))βαQ
l
β
[M ij ,Mkl] = f ijklhm M
hm
[M jk, Qlα] = (m
jk)liQ
i
α
{Qkγ , Qlρ} =
4
m
ulk(CΓ(p))γρJ(p) − CγρMkl.
C. Equations of Motion
Let Ω be a 2n-dimensional manifold with boundary
∂Ω = Σ. Then, by Stokes’ theorem the action can be
written as
IC−S =
∫
Σ
L =
∫
Ω
dL =
∫
Ω
〈Fn〉 . (61)
Varying I with respect to the connection, using δF =
∇δA and the Bianchi identity ∇F= 0, we obtain
δIC−S = n
∫
Ω
〈∇(δA)∧Fn−1〉 = n
∫
Ω
d
〈
δA∧Fn−1
〉
.
(62)
Using Stokes’ theorem again,
δIC−S = n
∫
Σ
δAB∧
〈
GBF
n−1〉 . (63)
Thus, the equations of motion are
〈
Fn−1GB
〉
= 0. (64)
These equations provide a representation of the super-
gravity algebra. Suppose the superalgebra has genera-
tors GA = {Ba;Qα}, with a graded commutator algebra
of the form
[Ba, Bb] = C
c
abBc
[Ba, Qβ] = C
γ
aβQγ
{Qα, Qβ} = CcαβBc
(65)
The connection associated to this algebra is A=
W aBa+Ψ
αQα =W+Ψ. Calling D the covariant deriva-
tive restricted to the bosonic subgroup generated by Ba.
By virtue of the Bianchi identity ∇F= 0, we obtain
DF = [F,Ψ] . (66)
Varying the action with respect to the connection δA=
δW + δΨ, yields the field equations
δW :
〈
Fn−1Ba
〉
= 0
δΨ :
〈
Fn−1Qα
〉
= 0
(67)
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Acting with D on the fermionic equation gives
D
〈
Fn−1Qα
〉
=
〈
D(Fn−1)Qα
〉
=
〈
Fn−1 {Ψ, Qα}
〉
= 0,
(68)
where we have used (66) and the symmetry property of
the bracket. Since {Ψ, Qβ} = Ψα {Qα, Qβ} = ΨαCcαβBc,
the consistency condition is
〈
Fn−1Bc
〉
CcαβΨ
α = 0. (69)
Supposing that Ψα is an arbitrary solution of the
fermionic field equations, we conclude that
〈
Fn−1Bc
〉
Ccαβ = 0. (70)
Thus, the consistency conditions associated with the
fermionic equations do not produce additional restric-
tions on the theory. They are a subset of the bosonic field
equations. If the structure constants Ccαβ were nonzero,
the complete set of bosonic equations would enter in Eq.
(70). The preceding analysis of the integrability condi-
tions holds equally for Chern-Simons supergravities as
for a standard supersymmetric theory.
D. Contraction of Super-adS
In [11], a family of CS theories were constructed for
supersymmetric extensions of the Poincare´ algebra of the
form (7).
{Qα, Q¯β} = −i(Γa)αβPa − i(Γabcde)αβZabcde. (71)
It is possible to obtain this algebra by an appropriate
contraction of the N = 2 superextension of an adS alge-
bra, in the limit of vanishing cosmological constant. Let
us define
TM =


Ja
Jab
Jabcde
Z(m)
Q
Q¯
Mij


, (72)
where Z(m) stands for all the J(m)’s with m 6= 1, 2, 5,
and Q = Q1 + iQ2, Q¯ = Q1 − iQ2. Consider now the
contraction of the form T ′M = U
K
M (ǫ)TK , where
UKM (ǫ) =


fp(ǫ)
1
fk(ǫ)
1
fq(
√
ǫ)
fq(
√
ǫ)
1


(73)
Here fx(α) = α((1 − x)α + x), so that fx(1) = 1 and
limα→0 fx(α) ∼ xα. Thus, it can be easily checked that
for ǫ→ 0 the generators T ′M satisfy a closed superalgebra,
where the only nonvanishing anticommutator is of the
form (71),
{Q′, Q¯′} = 4q
2
m
(
Γa
p
J ′a +
Γabcde
k
J ′abcde). (74)
The dimensionless parameters q, p, k can be eliminated
by rescaling the gauge fields. They can also be inter-
preted as coupling constants in the resulting gauge the-
ory.
It is remarkable that for D = 3, 5, 7, 11, it is always
possible to contract the algebra so that the internal gauge
group M, generated by Mij decouples from the Poincare´
generators. If we call G the group generated by (71), the
contraction produces a semidirect productG⊙M,, where
the only nonvanishing commutator is
[
Q
′α
k ,Mij
]
= δαβ c
l
ijkQ
′β
l . (75)
ForD = 9 andD > 11, on the other hand, the contrac-
tion contains G⊙M as a proper subgroup, since the gen-
erators Z(m) carry vector indices, and therefore cannot be
contained in M 3. It is then reasonable to expect that,
in analogy with what happens in three dimensional grav-
ity, the CS Poincare´ supergravity theories of [11] could be
obtained from a contraction of the CS adS supergravities.
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